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Abstrat
Small momenta limit of the lattie olor dieletri model in the
SU(3)c ase is onsidered. We show that in that limit the model
involves a oarse-grained gluon eld, a olor singlet "bleahed gluon"
eld, and both olor singlet and otet rank two symmetri tensor elds
onstruted from the rst order derivatives of a vetor eld. In on-
tradistintion from other approahes we do not obtain salar olor
dieletri elds diretly, but they an be introdued as traes of the
tensor elds.
1 Introdution
At present there exist several theoretial approahes to hadron physis at
low energies. The lattie QCD provides a mirosopi, ab initio approah.
Another lass of approahes is based on phenomenologial models in ontin-
uum spae-time. Suh models desribe main features of the hadron spetrum
within relatively simple formalism  the bag model or the skyrmion model
are good examples.
Friedberg and Lee [1℄ proposed a phenomenologial model with a dynam-
ial non-Abelian gauge eld (oarse-grained gluon eld), whih is interpreted
as a small momentum omponent of the original gluon eld of QCD. The
model also involves a olor singlet salar eld oupled to the gauge eld. Its
role is to mimi eets of quantum utuations of the gluon eld with mo-
menta larger than or of the order of the onnement sale. The model has
been rened and suesfully applied in alulations of stati hadron hara-
teristis. For review, referenes and examples of reent appliations see, e.g.,
[2℄, [3℄, [4℄, [5℄. The Friedberg-Lee model is partiularly interesting beause
of the presene of the non-Abelian gauge eld  it takes into aount the low
momentum glue omponent of hadrons.
Long time ago Nielsen and Patkos [6℄ have pointed out that the Friedberg-
Lee model
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appears naturally within QCD framework if we onsider the
gluon eld averaged over a small spae-time ell. In 1984 Mak [7℄ intro-
dued a lattie version of the olor dieletri model. Later on, in a series
of papers, see [8℄, [9℄, [10℄ and referenes therein, Pirner and ollaborators
attempted to derive the lattie olor dieletri model from the "mirosopi"
lattie QCD  the results were quite enouraging. The lattie olor dieletri
model was studied with the help of usual lattie tehniques, essentially in the
strong oupling regime. Reent presentation of the idea of the lattie olor
dieletri model and related results on 2+1 dimensional Yang-Mills theory
an be found in [11℄. As pointed out in that paper, the olor dieletri model
an be labelled as a "simple vauum - ompliated ation" approah, while
other approahes to QCD are rather of the type "simple ation - ompliated
vauum". Here "simple ation" or "ompliated ation" refers mainly to the
eld ontent  in the "simple" ase only the standard SU(3)c gauge eld is
present, while the olor dieletri ation involves a wider lass of elds.
The investigations of the lattie olor dieletri model have shown that
apart from the oarse-grained gluon eld several other elds are involved,
not merely the single olor singlet salar eld. In SU(2)c ase four real,
olor singlet elds appear. In the SU(3)c ase there is a olor singlet ve-
1
We all it also "the ontinuum olor dieletri model".
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tor eld (alled in [10℄ and here the bleahed gluon), and four Hermitean,
3 × 3, positive denite matrix elds. These lattie results suggest that the
Friedberg-Lee type models an be modied aordingly. In the present work
we take rst steps in this diretion.
We onsider the small momenta limit of the gluoni part of the lattie
olor dieletri model. In this limit the ontinuum spae-time desription
is the most appropriate one, and we would like to nd the resulting eld
theoretial model. Obtained in this way gluoni eetive Lagrangian for elds
on the ontinuum spae-time will be distinguished by its lose onnetion
with the lattie QCD.
The small momenta limit of the lattie SU(3)c olor dieletri model was
already onsidered in [10℄ with the help of strong simplifying assumptions,
whih redued the Hermitean matrix elds to one olor singlet salar eld.
The main problems with keeping the full set of elds were: (i) how to nd the
ontinuum elds orresponding to the Hermitean matrix elds, (ii) how to
ensure SO(4) invariane of the Eulidean ontinuum eetive ation. In the
present paper we propose solutions to these two problems. With the help of
ertain rather nontrivial eld transformation we nd ontinuum ounterparts
for the Hermitean matrix elds. It turns out that in the SU(3)c ase the
oarse-grained gluon eld is aompanied by a rank two symmetri tensor
eld onstruted from a vetor eld. This is one of the main results of our
work. The bleahed gluon eld found already in [10℄ also is present. The
tensor eld an be deomposed into SO(4) salar and traeless symmetri
parts. The olor singlet part of the salar omponent an be identied with
the salar olor dieletri eld present in the Friedberg-Lee model. Thus, the
small momenta limit of the lattie SU(3)c olor dieletri model yields rather
large set of olor dieletri elds: the SU(3)c singlet and otet omponents
of the SO(4) salar and (rank two) tensor.
In order to solve the problem with SO(4) invariane we use an averaging
over all SO(4) orientations of the lattie. This simple proedure ensures the
SO(4) invariane of the ontinuum eetive ation.
The plan of our paper is as follows. In Setion 2, whih has introdu-
tory harater, we desribe basi ingredients of the lattie olor dieletri
model. In Setion 3 we propose the eld transformation, and we introdue
the ontinuum elds orresponding to the lattie olor dieletri elds. Ee-
tive ation of the lattie olor dieletri model and its small momenta limit
are disussed in Setion 4. In Setion 5 we have olleted remarks related
to our work. The Appendix ontains mathematial results pertinent to the
averaging over the SO(4) group.
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2 The lattie olor dieletri elds
The lattie olor dieletri model an be desribed as a lattie gauge theory
in whih the standard unimodular link variables Uk(x) ∈ SU(3)c are replaed
by more general 3 by 3 matries [7℄
Uk(x)→ Φk(x). (1)
Here x denotes sites, and k = 1, 2, 3, 4 enumerates positive diretion links
of a four dimensional hyperubi lattie in the Eulidean spae-time M. The
four links start at the point x. In papers [7, 8℄ the eetive non-unitary link
variables Φk(x) are introdued as weighted sums of produts of "mirosopi"
unimodular link variables, dened on another lattie, ner (i.e., with shorter
links) than the one introdued above. A bloking" proedure leads from the
original lattie QCD dened on the ne lattie to the olor dieletri model
on the oarser lattie. The hope is that the "marosopi" link variable Φk(x)
is infrared stable, that is its behaviour at small momenta is not dominated by
quantum utuations. The orresponding weighting funtion is normalised
so that a matrix norm of Φk(x) is not greater than 1. The oarse lattie link
length is denoted by b, and it is assumed to be large enough for the infrared
stability. For onreteness, we expet that b ∼ 0.4 fm, but in the present
paper we do not attempt to give a well-founded estimate.
Upon inversion of the diretion of the link [7℄
Φ−k(x+ bek) = Φ
†
k(x). (2)
In this formula ek is the unit four-vetor orresponding to the positive dire-
tion link k, and −k denotes the link obtained from the link k by reversing
its diretion. The link −k in formula (2) starts at the point x + bek and it
ends at the point x. Under the SU(3)c gauge transformations the eetive
link variables Φk(x) transform in the usual manner,
Φ′k(x) = ω(x+ bek)Φk(x)ω(x)
−1, (3)
where ω ∈ SU(3)c. From the point of view of the ontinuum QCD, these
gauge transformations are the oarse-grained ones, that is the gauge funtion
ω is approximately onstant over distanes smaller than a fration of b.
Ation funtional S[Φ] of the lattie olor dieletri model is built of gauge
invariant produts ofΦ's. The main idea underlying the olor dieletri model
is that if the oarse lattie link length b is large enough, then the vauum
value of Φk should vanish. This requirement restrits the form of the ation.
We will disuss the ation funtional in Setion 4. Before that, in Setion 3,
we will analyse eld ontents of the model in the small momenta limit.
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Following the previous approahes, we base our analysis of the eld on-
tent of the lattie olor dieletri model on the polar deomposition of the
matries Φk(x):
Φk(x) = exp(iθk(x))Vk(x)χˆk(x), (4)
where Vk(x) is a matrix of the SU(3) type, χˆk(x) =
(
Φ†k(x)Φk(x)
)1/2
is a
3 by 3 Hermitean matrix with nonnegative eigenvalues, and θk(x) is a real
number.
The polar deomposition (4) is analogous to a transformation from Carte-
sian to spherial oordinates, with θk and aˆk (introdued in formula (5) be-
low) playing the role of angle variables, while χˆk orresponds to the radius.
Suh transformation has the drawbak: it is singular at χˆk = 0. It is lear
from formula (4) that θk(x) and Vk(x) an be taken arbitrary if χˆk = 0. This
means that the vauum values of the eld θµ and of the oarse-grained gluon
eld Aˆµ an be arbitrary.
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On the other hand, with the polar deomposition
(4) we have a smooth orrespondene with the original SU(3)c gauge eld
theory, whih is obtained when χˆk = I and exp(iθk(x)) = 1  in this region
the polar deomposition is nonsingular.
Vk an be related in the standard manner to a traeless Hermitean gauge
eld Aˆµ on M:
Vk(x) = exp[iaˆk(x)], (5)
where aˆk(x) is regarded as the projetion of the ontinuum gauge eld Aˆµ(x)
on the link four-vetor bek (pointing in the diretion k at the site x), that is
aˆk(x) = be
µ
kAˆµ(x). (6)
The Greek indies refer to the ontinuum Eulidean spae-time M in whih
the original (ne grid") as well as the oarse latties are onstruted. The
Aˆµ(x) eld is alled the oarse-grained (or averaged) SU(3)c gauge eld.
Similarly, θk(x) is related to a olor singlet vetor eld Θµ dened on M
θk(x) = be
µ
kΘµ(x). (7)
The Θµ(x) eld is alled in [10℄ and in the following the bleahed gluon.
The formulas presented above imply that Vk, θk are salars with respet
to the SO(4) rotations inM . The non-unitary link variables Φk(x) are SO(4)
salars too, beause they are dened as the weighted sums of produts of the
2
In a sense this agrees with the piture arising in the mentioned in the Introdution
"simple ation - ompliated vauum" approah, where low momenta omponents of the
non-Abelian gauge eld also do not have preferred vauum values beause they strongly
utuate.
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mirosopi link variables of the original QCD. The mirosopi link variables
 being related to projetions of the original mirosopi gauge eld onto the
link four-vetors of the initial ne lattie (the orresponding formulas are
analogous to formulas (5), (6) above)  are SO(4) salars. Beause Φk, Vk, θk
in formula (4) are SO(4) salars, it follows that also χˆk are SO(4) salars.
By assumption, Vk transforms under the SU(3)c gauge transformations
as thelattie SU(3)c gauge eld  a formula analogous to (3)  and θk is
gauge invariant. Then, it follows from (4) that χˆk belongs to the adjoint
representation of SU(3)c
χˆ′k(x) = ω(x)χˆk(x)ω(x)
−1. (8)
Formulas (5), (6), (7) imply that
V−k(x+ bek) = V
†
k (x), (9)
exp[iθ−k(x+ bek)] = exp[−iθk(x)], (10)
and formulas (2), (4) give
χˆ−k(x+ bek) = Vk(x)χˆk(x)V
†
k (x). (11)
In the SU(2)c ase the θk eld is absent, and eah matrix χˆk(x) is replaed
by a nonnegative number χk(x), see [7, 9℄, invariant under the SU(2)c gauge
transformations.
3 The eld transformation
We are interested in the small momenta setor of the lattie olor dieletri
model, speially, we would like to obtain the ontinuum spae-time for-
mulation of the model in that setor. The main problem here is to nd the
ontinuum ounterpart for the lattie elds χˆk(x). The properties of these
elds are rather puzzling. By onstrution, χˆk(x) are dened on the links,
like the lattie gauge eld. In spite of that they annot be related to a gauge
eld on M beause then the gauge transformation law would have to have
the form (3), and not (8). The transformation (8) is typial for a matter eld
dened on the sites of the lattie, but χˆk(x) is dened on the links. To solve
this problem we use a eld transformation whih relates the χˆk(x) elds to
omponents of a Hermitean vetor eld Bˆk(x), k = 1, 2, 3, 4, loated on the
sites of the lattie. Namely,
χˆk(x) = G
(
DkBˆk(x)
)
(12)
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(no summation over k). Here G(·) denotes a matrix funtion disussed below,
and
DlBˆk(x) = V
†
l (x)Bˆk(x+ bel)Vl(x)− Bˆk(x). (13)
is the lattie version of gauge-ovariant derivative. The Bˆk(x) eld has the
following SU(3)c gauge transformation
Bˆ′k(x) = ω(x)Bˆk(x)ω(x)
−1. (14)
Thus, Bˆk(x) is a matter eld.
Formula (12) is onsistent with the properties (8) and (11): the transfor-
mation law (8) for χˆk(x) elds follows immediately from formulas (12-14),
and in order to obtain relation (11) it is enough to notie that
Bˆ−k(x) = −Bˆk(x), (15)
and
D−kBˆ−k(x+ bek) = Vk(x)DkBˆk(x)V
†
k (x).
Formula (15) follows from the assumption that Bˆk(x) is the projetion of a
ontinuum vetor eld Bˆν(x) on the link four-vetor, see formula (20) below.
The funtion G(·) is supposed to transform Hermitean matries into Her-
mitean ones, hene oeients of its Taylor expansion should be real num-
bers. Moreover, its matrix values should be positive denite beause χˆk(x) in
formula (12) is positive denite. Finally, lassial vauum value of the χˆk(x)
elds is expeted to vanish in the olor dieletri models. If we require that
the orresponding vauum value of DkBˆk(x) also vanishes, then we may take
G(DB) =
(
c1DB + c2(DB)
2 + ...
)2
, (16)
where DB is a shorthand for DkBˆk(x), and all ci are real. For DB lose to
its vauum value, that is when
DkBˆk(x)≪ 1, (17)
we may neglet the higher powers of DB, and then
χˆk(x) =
(
DkBˆk(x)
)2
. (18)
The onstant c1 has been removed by resaling Bˆk(x). Below we shall use
the eld transformation (18).
Now, let us onsider the small momenta limit. The lattie eld Vk(x),
formulas (5), (6), is now assoiated with the exponential
Vk(x) = Pexp(ib
∫
Aˆµ(y)dy
µ), (19)
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path ordered along the straightline segment [x, x + bek] in the ontinuum
spae-timeM . Here Aˆµ(y) is the oarse-grained gauge eld on the ontinuum
Eulidean spae-time M  it is a ontinuous funtion of y, almost onstant
on the distane b. Formula (19) gives (5), (6) in the leading order in b. Our
denitions imply that the ontinuum SU(3)c gauge transformation of the
oarse-grained gauge eld has the form
Aˆ′µ = ωAˆµω
−1 − i∂µωω
−1.
The lattie elds Bˆk(x) in the small momenta setor are regarded as
projetions (on the lattie four-vetors bek) of the vetor eld Bˆν(x), whih
is dened on M and almost onstant on distanes b,
Bˆk(x) = be
ν
kBˆν(x). (20)
The lattie ovariant derivative Dk is interpreted as
Dk = be
µ
kDµ,
where Dµ is the ovariant derivative in the ontinuum spae-timeM .
3
Then,
formulas (13), (19) give
DkBˆk(x) = b
2eµke
ν
kDµBˆν(x) + b
3eµke
σ
ke
ν
kDµDσBˆν(x) + ..., (21)
where
DµBˆν = ∂µBˆν − i[Aˆµ, Bˆν ].
Let us note that Bˆν has both olor singlet and otet omponents; for the
singlet omponent DµBˆν redues to the ordinary derivative.
Thus, in the small momenta limit
DkBˆk ∼= b
2eµke
ν
kDµBˆν
(no summation over k). This formula implies that DkBˆk depends only on
the symmetri part of DµBˆν ,
DkBˆk(x) ∼= b
2eµke
ν
kGˆµν(x), (22)
where
Gˆµν(x) =
1
2
(
DµBˆν(x) +DνBˆµ(x)
)
= Gˆνµ(x). (23)
3
Due to the presene of b in the last two formulas, Dµ and Bˆν have the usual dimension
cm
−1
.
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It is lear that under the SU(3)c gauge transformations
Gˆ′µν(x) = ω(x)Gˆµν(x)ω(x)
−1.
Finally, onsidering formulas (18) and (22) we onlude that in the small
momenta limit
χˆk(x) ∼= b
4eµke
ν
ke
ρ
ke
λ
kGˆµν(x)Gˆρλ(x) (24)
(no summation over k).
The eld Bˆµ enters only through the symmetrized ovariant derivatives,
that is through Gˆµν . Therefore, in all alulations in the present paper we
may use just the Gˆµν eld. Nevertheless, the basi dynamial eld in the
small momenta limit is the Bˆµ eld. This makes dierene when, for example,
deriving eld equations beause variational derivative of the ation should
be taken with respet to Bˆµ and not Gˆµν .
The tensor eld Gˆµν an be deomposed into two parts whih are irre-
duible with respet to the SO(4) group, namely
Gˆµν(x) = σˆ(x)δµν + gˆµν(x), (25)
where (gˆµν) has vanishing trae, gˆµµ = 0. Formulas (23) and (25) imply that
σˆ(x) =
1
4
DµBˆµ(x).
Beause eµke
µ
k = 1 for eah k = 1, 2, 3, 4, formulas (24) and (25) give
χˆk(x) = b
4
[
σˆ2(x) + eµke
ν
k (σˆ(x)gˆµν(x) + gˆµν(x)σˆ(x)) + e
µ
ke
ν
ke
ρ
ke
λ
k gˆµν(x)gˆρλ(x)
]
(no summation over k). Furthermore, σˆ and gˆµν an be split into the olor
singlet and otet parts,
σˆ(x) = σ(x)I +
1
2
λaσ
a(x), gˆµν(x) = gµν(x)I +
1
2
λag
a
µν(x),
where λa are the Gell-Mann matries. The elds σ, σ
a
, gµν and g
a
µν are real
due to hermiity of Gˆµν .
In the SU(2)c ase only the olor singlet parts are present, that is Gµν =
σ(x)δµν + gµν(x).
4 Towards the ontinuum olor dieletri a-
tion
We have seen that in the small momenta limit the lattie olor dieletri
model an be formulated in terms of the elds Aˆµ, Bˆµ,Θµ, whih are dened
8
on the ontinuum spae-time. Now we would like to introdue ertain lattie
olor dieletri ation, and to disuss its small momenta limit. Our ultimate
goal is to nd the orresponding ontinuum eetive Lagrangian for the elds
Aˆµ, Bˆµ,Θµ. The disussion presented below has rather preliminary hara-
ter. We onentrate on theoretial aspets, in partiular on the problem of
restoration of the SO(4) symmetry broken in the lattie model.
Let us start from the following remark. The lattie olor dieletri model
has been onsidered in the papers [7, 8, 9, 10, 11℄ as an example of quan-
tum lattie gauge theory with the matrix quantum variables Φk(x) and
with ertain ation S[Φ]. The funtional integration measure is given by
[dΦ] =
∏
x,k dΦk(x). This quantum theory an be desribed in terms of the
orresponding eetive ation Sc alulated in a standard way, e.g., with the
help of bakground eld method. In the tree (mean eld) approximation the
eetive ation oinides with the latttie olor dieletri ation S[Φ], but
its full form by denition summarizes all quantum orretions. The lattie
olor dieletri ation Sc whih we onsider below is meant as an Ansatz
for suh eetive ation. Therefore, it is not neessary to disuss here the
small momenta limit of the funtional integral, e.g., of the measure [dΦ]. In
priniple, the preise form of the lattie olor dieletri eetive ation Sc
follows from the underlying mirosopi lattie QCD. Nevertheless, it seems
more pratial to assume its form and to t unknown parameters like in other
eetive models, see [11℄ for a luid disussion of this point. The ation Sc
is assumed to be invariant with respet to the oarse-grained SU(3)c gauge
transformations. Moreover, the terms with higher powers of Φk are expeted
to be less important beause the matrix norm of Φk is smaller than 1.
Below we present an Ansatz for the lattie olor dieletri eetive ation
Sc. It satises the following general requirements: the SU(3)c gauge invari-
ane, positivity, absolute minimum for Φk = 0. Moreover, it involves low
powers of Φk.
The rst ontribution to the ation Sc has the following form
S1[Φ] =
∑
x,k,l
Tr
(
Ψ†k,l(x)Ψk,l(x)
)
, (26)
where k = 1, ..., 4 and l = ±1, ...,±4. (If a link with negative l starts at
the point x then it ends at the point x− be|l|.) Ψk,l(x) is a gauge ovariant
polynomial in Φk(x), that is under the SU(3)c gauge transformations
Ψ′k,l(x) = ω(x+ bek)Ψk,l(x)ω
−1(x).
Speially, we shall take
Ψk,l(x) = Φk(x) + α1Φ
†
l (x+ bek)Φk(x+ bel)Φl(x), (27)
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where α1 is a real onstant. The seond term on the r.h.s. of formula (27)
orresponds to a path of length 3b onneting the points x and x+ bek. For
l 6= ±k the path has the staple-like shape. It is lear that if the onstant α1
is not too large, all Ψk,l vanish only when all Φk vanish  this ensures that
S1[Φ] has the absolute, nondegenerate minimum for Φk = 0.
Let us introdue the following notation
hˆk,l(x) = V
†
l (x)χˆk(x+ bel)Vl(x). (28)
Adding χˆk(x)− χˆk(x) to the r.h.s. of formula (28) we see that
hˆk,l(x) = χˆk(x) +Dlχˆk(x). (29)
We also introdue the eld strength Fˆkl of the lattie oarse-grained SU(3)c
gauge eld Vk
exp(iFˆkl) = V
†
k (x)V
†
l (x+ bek)Vk(x+ bel)Vl(x). (30)
Similarly, we dene fkl  the Abelian eld strength orresponding to the
lattie θk eld,
exp(ifkl) = exp[i(θk(x+ bel) + θl(x)− θk(x)− θl(x+ bek))]. (31)
With this notation we may write
Ψk,l(x) = exp(iθk(x))Vk(x) [χˆk(x)
+α1hˆl,k(x) exp(iFˆkl(x) + ifkl(x)I)hˆk,l(x)χˆl(x)
]
, (32)
where I denotes the 3 by 3 unit matrix. The fator exp(iθk(x))Vk(x) anels
out in the produt Ψ†k,lΨk,l in formula (26).
In the ase of weak elds Fˆkl, fkl, Dlχˆk, the rst nontrivial approximation
to the expression in the square braket on the r.h.s. of formula (32) has the
form
[...] ∼= χˆk(x) + α1 [χˆl(x)χˆk(x)χˆl(x) +Dkχˆl(x)χˆk(x)χˆl(x)
+χˆl(x)Dlχˆk(x)χˆl(x) + iχˆl(x)
(
Fˆkl + fklI
)
χˆk(x)χˆl(x)
]
. (33)
The lattie olor dieletri eetive ation an not be just equal to S1[Φ]
beause in that ase it would have too large symmetry group  S1[Φ] is in-
variant under U(3)c gauge transformations. In order to break this symmetry
down to the SU(3)c gauge symmetry we use DetΦk whih is invariant under
the SU(3)c gauge transformations only. The polar deomposition (4) gives
DetΦk = exp(3iθk(x))Detχˆk.
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Let us notie that Detχˆk an be expressed by traes of powers of χˆk. For this
one may use Hamilton-Cayley identity, whih for arbitrary 3 by 3 matrix Cˆ
has the following form
Cˆ3 − TrCˆ Cˆ2 +
1
2
[(TrCˆ)2 − Tr(Cˆ2)]Cˆ −DetCˆ I = 0.
Taking trae of this identity and putting Cˆ = χˆk we nd that
Detχˆk =
1
3
Tr(χˆ3k)−
1
2
TrχˆkTr(χˆ
2
k) +
1
6
(Trχˆk)
3.
Beause DetΦk an be a omplex number it annot be diretly inluded into
the ation. Instead, we may take
S2[Φ] = γ
∑
x,k
(ImDetΦk(x))
2 = γ
∑
x,k
(Detχˆk(x))
2 sin2(3θk(x)), (34)
where γ is a positive onstant. For θk ≪ 1 we may approximate sin
2(3θk) ∼=
9b2eµke
ν
kΘµ(x)Θν(x).
We may also inlude in Sc terms whih ontain powers of χˆk only. For
example, up to the fourth power in χˆk
Sp = λ2
∑
x,k Tr
(
Φ†k(x)Φk(x)
)
+λ3
∑
x,k,l Tr
(
Φ†k(x)Φk(x)Φ
†
l (x)Φl(x)
)
(35)
+λ4
∑
x,k,l Tr
(
Φ†k(x)Φk(x)
)
Tr
(
Φ†l (x)Φl(x)
)
where λi are positive onstants. It is easy to see that exp(iθk) and Vk anel
out in eah term on the r.h.s. of this formula  only χˆk's are left.
The total lattie olor dieletri eetive ation is given by the sum of
these ontributions,
Sc = S1 + S2 + Sp.
In the small momenta limit Fˆkl and fkl are related to the projetions
on the lattie four-vetors of the orresponding tensors in the ontinuum
spae-time,
Fˆkl ∼= b
2eµke
ν
l Fˆµν , fkl
∼= b2e
µ
ke
ν
l fµν , (36)
where Fˆµν = ∂µAˆν − ∂νAˆµ − i[Aˆµ, Aˆν ] and fµν = ∂µΘν − ∂νΘµ. For χˆk we
have formula (24), and
Dlχˆk ∼= b
5eµl e
ν
ke
λ
ke
σ
ke
ρ
k
(
DµGˆνλ(x)Gˆσρ(x) + Gˆνλ(x)DµGˆσρ(x)
)
, (37)
as follows from (24) by Leibniz rule for the ovariant derivative of a produt.
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Inserting formulas (36), (37) on the r.h.s. of formulas (26), (32), (34), (35)
for S1, S2, Sp, and replaing
∑
x by b
−4
∫
d4x, we obtain the ation funtional
Sc[Aˆµ,Θν , Gˆµν ] of the eetive model in the Eulidean ontinuum spae-time.
It is lear that all terms in Sc have the form of ontrations of multiple fators
Θµ, Gˆµν , DµGˆνλ, Fˆλσ, fρω with the produts e
µ
ke
ν
ke
ρ
ke
λ
ke
α
l e
β
l ... of omponents of
the lattie unit four-vetors ek. Suh produts are lattie artifats, and they
expliitly break the Eulidean SO(4) invariane. The ontrations give SO(4)
salars, but their form in general is not invariant with respet to the SO(4)
transformations. Thus, the ation Sc[Aˆµ,Θν, Gˆµν ] is not SO(4) invariant,
eventhough it is SO(4) salar. This is the seond problem mentioned in the
Introdution.
To solve this problem, we proeed as follows. The four-vetors ek, k =
1, ..., 4, form an orthonormal basis in the Eulidean spae-time M. This basis
does not have any physial meaning and it an be arbitrary  the lattie
an have any orientation with respet to a "laboratory" referene frame in
M. Nevertheless, eah onrete hoie and the subsequent lattie formulation
break the SO(4) invariane. We an restore this symmetry by integrating
over all SO(4) orientations of the basis. Formally, this an be ahieved by
preeding eah term in the eetive ation by the normalized to unity Haar
integral
∫
SO(4) dO over the SO(4) group, and by regarding the four four-
vetors ek as (orthonormal) olumns of the matrix O ∈ SO(4), that is
eµk = Okµ.
Due to the SO(4) invariane of the Haar measure, the integrals are formin-
variant with respet to simultaneous SO(4) transformations of all indies
µ, ν, ρ, et., whih refer to the "laboratory" referene frame in the ontinuous
Eulidean spae-time M . For example, the term Tr
(
Φ†k(x)Φk(x)
)
aquires
the form
ηµ1µ2...µ8b
8 Tr
(
Gˆµ1µ2(x)Gˆµ3µ4(x)Gˆµ5µ6(x)Gˆµ7µ8(x)
)
,
where
ηµ1µ2...µ8 =
∫
SO(4)
dOOkµ1...Okµ8
(no summation over k). It is easy to see that ηµ1µ2...µ8 does not depend on k,
and that it is forminvariant under simultaneous SO(4) transformations of all
its indies. Beause ηµ1µ2...µ8 is symmetri with respet to permutations of
its indies, it is equal to a sum of produts of Kroneker deltas δµiµj , where
i, j = 1...8. In general ase we enounter integrals of the type
∫
SO(4)
dOeµ1k ...e
µm
k e
ν1
l ...e
νn
l ,
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where eµk = Okµ, e
ν
l = Olν . They an be alulated with the help of method
presented in the Appendix. The result has the form of a sum of produts of
Kroneker deltas with permuted indies µi, νj.
Beause the SO(4) integral of any produt of odd number of the matrix
elements Okν vanishes (see the Appendix), some terms in S1[Aˆ,Θ, Gˆ] vanish.
Other terms vanish due to the sum over l = ±1, ...,±4, beause Fˆ−lk(x) =
−Fˆlk(x), D−lχˆk(x) = −Dlχˆk(x), et., while χˆ−l(x) = χˆl(x). Finally, we
obtain the following formula for S1[Aˆµ,Θµ, Gˆµν ] in the small momenta limit
S1[Aˆµ,Θµ, Gˆµν ] = 2
∫
SO(4) dO
∑
k,l=1..4 b
−4
∫
d4xTr
[
(χˆk + α1χˆlχˆkχˆl)
2
+α21χˆlχˆk
(
Fˆkl + fklI
)
χˆ2l
(
Fˆkl + fklI
)
χˆkχˆl
+α21 (χˆlχˆkDkχˆlDkχˆlχˆkχˆl + χˆlDlχˆkχˆ
2
lDlχˆkχˆl)] (38)
where χˆk, Dlχˆk, Fˆkl and fkl are given by formulas (24), (37) and (36), orre-
spondingly. The fator 2 in the rst line of this formula is due to the fat
that the index l in formula (26) takes also the negative values.
Analogously, in formulas (34), (35) for S2 and Sp
∑
x
→ b−4
∫
d4x
∫
SO(4)
dO.
The olor dieletri eetive ation Sc beomes muh simpler when we
restrit it to the SO(4) salar omponent of Gˆµν only, that is when we put
Gˆµν(x) = δµν σˆ(x).
We also assume that bΘµ(x)≪ 1. In that ase formula (24) gives
χˆk(x) = b
4σˆ2(x) ≡ χˆ,
and the ation Sc is redued to
Sc[Aˆµ,Θµ, χˆ] = 2
∫
d4xTr
[
16b−4 (χˆ + α1χˆ
3)
2
+4α21b
−2 (χˆ4DµχˆDµχˆ + χˆ
2Dµχˆχˆ
2Dµχˆ)
+α21χˆ
2(Fˆµν + fµνI)χˆ
2(Fˆµν + fµνI)χˆ
2
]
(39)
+9b−2γ
∫
d4x (Detχˆ)2ΘµΘµ + Sp[χˆ].
Parallel results in the SU(2)c ase are obtained by abandoning the bleahed
gluon eld Θµ(x) and the olor otet part of Gˆµν(x). Also the Det term is
not needed.
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5 Remarks
1. Our main new result is the eld transformation (18), whih replaes
the lattie olor dieletri eld χˆk(x) by the square of the gauge-ovariant
derivative of the vetor eld Bˆk. We have also shown how the integration
over SO(4) group an be used to get rid of the lattie artifats. Finally,
we have presented an example of the lattie olor dieletri eetive ation
Sc, whih in the small momenta limit gives the ontinuum olor dieletri
ation Sc[Aˆµ,Θν , Gˆµν ]. This ontinuum ation has quite ompliated form,
in partiular it involves rather large number of elds. We asribe this to the
fat that the SU(3)c gauge theory is intrinsially ompliated, eventhough
we annot exlude the possibility that another eld transformation might
lead to a simpler ation.
2. We have foused our attention on the theoretial problems whih
hampered the previous investigations of the small momenta limit of the glu-
oni part of the lattie SU(3)c olor dieletri model. Our results suggest
that the Friedberg-Lee type phenomenologial models in the SU(3)c ase an
have natural extentions whih would inorporate more olor dieletri elds,
in partiular the olor otet salar and the tensor elds. In the present pa-
per we have not made any attempt to onstrut a phenomenologially viable
model of that kind. Suh a task would require many more steps, among them
inlusion of quarks and a disussion of their oupling to the olor dieletri
elds. This is one diretion in whih one ould ontinue our work.
We also see two very interesting topis whih ould be studied in the
framework of the pure glue setor disussed in the present paper: QCD ux-
tube and glueballs. There exist purely numerial studies of the ux-tube
(see, e.g., [12℄), and of the glueballs (e.g., [13℄). Also analyti approahes to
the ux-tube an be found (e.g., [14℄), but only in the olor dieletri model
with a single salar eld. Investigations of the ux-tubes and of the glueballs
within the framework of olor dieletri model, while extremely interesting
on their own rights, an also reveal the physial role played by the elds
Θµ and Bˆµ. In the presented derivation of the ontinuum olor dieletri
model they appear in rather formal way as the mathematial onsequene
of Φ being nonunitary matrix. Their physial role has not been eluidated,
and it seems to us that at the present stage we do not have enough physial
input to do this. Therefore we prefer not to speulate in this diretion.
For the physial appliations one needs the Minkowski spae-time ver-
sion of the model. It an be obtained by the inverse Wik rotation, x4 →
+ix0, Bˆ4 → +iBˆ
0, θ4 → +iθ
0, et. The resulting Minkowski spae-time
metri has the signature (-,+,+,+).
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7 Appendix. The integrals over SO(4)
We onsider integrals of the type
∫
SO(4)
dO Okµ1 ...OkµmOlν1 ...Olνn.
The integration measure dO is normalized to unity,
∫
SO(4)
dO = 1.
It is left- and right-invariant under SO(4) transformations, that is
d(O1O) = d(OO1) = dO
for any O1 ∈ SO(4).
In partiular, in the formula above one may take O1 = −I, where I is
the 4 by 4 unit matrix. Then, it immediately follows that the integral of a
produt of odd number of the omponents eµk = Okµ of the four-vetors ek
vanishes.
Let us introdue the generating funtions
Fk,l(v, w) =
∫
SO(4)
dO exp(Okµv
µ) exp(Olνw
ν), (40)
where v, w are two independent four-vetors, and k, l = 1, 2, 3, 4. It is lear
that derivatives of Fk,l with respet to v
µ, wν taken at v = w = 0 generate
the integrals we are interested in. Due to the invariane of the measure,
Fk,l is invariant with respet to the SO(4) rotations of the four-vetors v, w.
Therefore, it is a funtion of the variables
s = v2, t = w2, u = vw
only, where vw is the Eulidean salar produt. Moreover, Fk,l(v, w) is sym-
metri with respet to the interhange v ↔ w. This is obvious when k = l,
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and for k 6= l this follows from the fat that the diretions k, l an be inter-
hanged by ertain SO(4) rotation.
Now, let us take the derivatives ∂2/∂vµ∂wµ (summation over µ) of the
both sides of the formula
Fk,l(s, t, u) =
∫
SO(4)
dO exp(Okµv
µ) exp(Olνw
ν).
The right hand side gives δklFk,l, while the left hand side an be expressed
by derivatives with respet to s, t, u. We obtain the relation
4u
∂2Fk,l
∂s∂t
+ 2t
∂2Fk,l
∂u∂t
+ 2s
∂2Fk,l
∂s∂u
+ u
∂2Fk,l
∂u∂u
+4
∂Fk,l
∂u
= δklFk,l, (41)
whih an be regarded as partial dierential equation for the generating fun-
tions. Similarly, using the derivatives ∂2/∂vµ∂vµ and ∂2/∂wµ∂wµ (summa-
tions over µ) we obtain two more equations
4s
∂2Fk,l
∂s∂s
+ 4u
∂2Fk,l
∂u∂s
+ t
∂2Fk,l
∂u∂u
+ 8
∂Fk,l
∂s
= Fk,l, (42)
and
4t
∂2Fk,l
∂t∂t
+ 4u
∂2Fk,l
∂u∂t
+ s
∂2Fk,l
∂u∂u
+ 8
∂Fk,l
∂t
= Fk,l. (43)
We see that the set of Eqs. (41), (42), (43) is symmetri with respet to the
interhange s↔ t, in aordane with the symmetry v ↔ w.
We do not need to solve the equations derived above beause we are
looking only for nite order derivatives of the generating funtions at v =
w = 0. They an be alulated algebraially, by dierentiating the equations
with respet to s, t, u and putting s = t = u = 0 afterwards. For example,
just putting in (41-43) s = t = u = 0 gives
∂Fk,l
∂s
(0, 0, 0) =
1
8
,
∂Fk,l
∂t
(0, 0, 0) =
1
8
,
∂Fk,l
∂u
(0, 0, 0) =
1
4
δkl, (44)
beause Fkl(0, 0, 0) = 1, as follows diretly from the denition of Fkl. The
last formula (44) implies that∫
SO(4)
dO OkµOlν =
1
4
δµνδkl.
Next, taking rst order derivatives of Eqs. (41, 42, 43) we an ompute
seond order derivatives, et. For example, taking derivative of Eq. (42) with
respet to s and putting s = t = u = 0 we nd that (∂2Fkl/∂s∂s)(0, 0, 0) =
1/96. This implies that∫
SO(4)
dO OkµOkνOkρOkλ =
1
24
(δµνδρλ + δµλδρν + δµρδλν)
(no summation over k).
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